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Abstract 

Using the techniques of two dimensional conformal field theory we construct time 
dependent classical solutions in open string theory describing the decay of an unstable 
D-brane in the presence of background electric field, and explicitly evaluate the time 
dependence of the energy momentum tensor and the fundamental string charge density 
associated with this solution. The final decay product can be interpreted as a combination 
of stretched fundamental strings and tachyon matter. 
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A Divergence of the Boundary State in the e ^ 1, A — » 1/2 Limit 



1 Introduction and Summary 

It has been noticed in various works II, |, |, |, |, |, g that switching on an electric field 
on the world- volume of a D-brane leads to various new physical effects which are absent 
in the magnetic case|jl|, |, 0. In particular, unlike the magnetic case the strength of the 
electric field can not be increased beyond a critical value keeping the open string theory 
stable. The solutions carrying electric fiux|TO], pT] , |T2|, |I^ are particularly interesting in 



the tachyon vacuum of an unstable D-brane p!4], |T5[, since in this vacuum the full Poincare 
invariance of the bulk is expected to be restored and all the perturbative degrees of freedom 
are unphysical |T6|. It was shown in that although the effective action proposed 
in |T^ vanishes at the tachyon vacuum, the system admits a well-defined Hamiltonian 
description, and has classical solutions describing electric flux tubes carrying fundamental 
string charge. The classical dynamics of these flux tubes is described by Nambu-Goto 
action, and possesses the full Poincare invariance of the bulk[^, |13 



A related development in the study of tachyon dynamics has been the construction of 
time dependent classical solutions representing the decay of an unstable D-brane as the 
tachyon rolls down towards the minimum of the potential HTS], |19|, ^ ^ HlQ- The solution 



^ Sec for the study of time dependent solutions representing rolling of tachyons in p-adic string 
theory, ref. |24| for a time dependent solution in cubic string field theory, for related cosmological ap- 
plications and |2q] for other related works including discussions in the context of background independent 
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is constructed by perturbing the boundary conformal field theory (BCFT) describing the 
original D-brane by an exactly marginal deformation. The strength A of the perturbation 
labels the initial value of the tachyon T. The perturbed BCFT carries all the information 
about this one parameter family of rolling tachyon solutions labelled by the initial position 
of T. For example the corresponding boundary state gives information about the time 
evolution of various closed string sources, e.g. the energy-momentum tensor. In particular, 
it was shown in |^ that if we displace the tachyon towards the (local) minimum of the 
potential and let it roll, the system asymptotically evolves to a pressure- less gas with non- 
zero energy density confined in the initial D-brane world-volume. It was also shown that 
at A = 1/2, which corresponds to placing the tachyon at the minimum of the potential, 
the energy-momentum tensor vanishes at all time as conjectured|jl^, p!5[|.p| 

Given these results, we can ask: how does the energy momentum tensor (and other 
closed string sources) evolve with time for the rolling tachyon solution in the presence of 
electric flux? In this paper we answer this question by constructing a two parameter family 
of time dependent solutions, labelled by the initial electric field e and the initial value A 
of the tachyon. We find, first of all, that the solution carries fundamental string charge 
as expected. At arbitrary values of A and the electric field e (below the critical limit), the 
energy-momentum tensor T^^ of the solution splits into a sum of contribution from two 
sources, - the rolling tachyon, and a uniform density of fundamental strings [p9|] , localised 
on the initial location of the brane, and stretched along the direction of the electric 
field. The contribution to T^j^ from the fundamental string charge remains constant in 
time, whereas the rolling tachyon contribution has the same form as that in the absence 
of electric field, except for a change in the overall normalisation and a time dilation 
which depends on the strength of the electric field. Since the time evolution of the 
rolling tachyon contribution gets affected by the value of the electric field, it shows that 
the two systems are coupled together. In a suitable limit where the initial value of the 
tachyon approaches the minimum of the potential (A — 1/2 ) and the background electric 
field goes to its critical value (e — >■ 1), the contribution from the rolling tachyon drops 
out, leaving behind only the time independent fundamental string contribution^. This 
coincides with the source terms discussed in . However our analysis also shows that this 
source has divergent components for the higher massive closed string states. The physical 
significance of this divergence has not been investigated in this work. However, since 
fundamental string configurations are valid configurations in string theory, our results can 
be turned around to conclude that divergent higher level contribution to a boundary state 



string field theory. Earlier attempts at cosmology involving rolling tachyon were made in |27| 
^For early studies of open string tachyon dynamics, see [ p8[ . 

■^This implies that the electric flux solution obtained this way is a stationary solution. 
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does not necessarily imply a singularity of the configuration that it describes. (Different 
aspects of higher level contribution to the boundary state associated with rolling tachyon 



configuration have been discussed in pO \. 



We carry out our analysis in two different ways. In the first approach discussed in 
section ^ we assume the existence of a space-time effective field theory for the tachyon, 
possibly containing infinite number of higher derivative terms, and use the results of |Q 
to write the sources for the massless closed string fields in presence of the background 
electric field in terms of the sources in absence of the background electric field. This 
does not require knowledge of the explicit form of the effective action, and is done by the 
following steps: 

1. Using the results of we first rewrite the action at a nonzero background electric 
field e using the open string metric and the non- commutative * product. This 
relates a solution in the presence of background electric field to a solution in the 
non- commutative theory with zero background electric field. The dependence of the 
solution on e in the non-commutative theory comes only through the * product and 
the open string metric. 

2. Now if we look for a solution which depends only on one space-time direction in the 
non-commutative theory with zero background electric field, then one can imme- 
diately relate this to a solution in commutative theory with zero background field, 
since non-commutativity does not play any role if the configuration depends on only 
one direction. This allows us to relate a solution in the non-commutative theory, 
and hence in the commutative theory with background electric field e, to a solution 
in the commutative theory with vanishing background electric field. In the latter 
theory, the dependence of the solution on e comes from the dependence of the open 
string metric on e. 

3. The solution in commutative theory with zero background field and non-trivial 
(constant) open string metric can be further related to the solution in trivial open 
string metric background by a linear coordinate transformation that takes the open 
string metric to the trivial metric. 

This allows us to construct a solution in the theory with background electric field and 
trivial metric in terms of a solution in the theory with zero background electric field and 
trivial metric. The sources, evaluated at this pair of solutions in the two different theories 
can also be related by using their tensorial property under this coordinate transformation. 
Using this and the chain rule of differentiation one can then write down the sources derived 
from the Lagrangian with a non-zero background electric field and trivial metric in terms 
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of the sources derived from the Lagrangian with zero background electric field and trivial 
metric. Since the sources in absence of the background field are already known pD|, this 
gives the sources in the presence of the background electric field. 

Our second approach discussed in section || is to directly analyse the BCFT corre- 
sponding to the rolling tachyon solution coupled to the background electric field. We 
construct this BCFT by adding appropriate perturbation to the BCFT describing the 
unstable D-brane with a constant background electric field. In the perturbation as- 
sociated with the rolling tachyon solution was identified from the spatially homogeneous 
solution to the linearised equation of motion for the tachyon in string field theory. Pro- 
ceeding along the same line, we first find the solution to the linearised equation of motion 
in presence of the background electric field, and use it to identify the rolling tachyon 
perturbation in presence of background field. Having identified the relevant BCFT we 
analyse it following the approach of ||18| , |19[, namely Wick-rotate the time direction to 
go to a theory with all spatial directions. The resulting theory without the perturbation 
term is equivalent to the standard magnetic BCFT analysed in 31, ^] with an imag- 



inary magnetic field. We do all the explicit analysis with a real magnetic field and at the 
end recover results in the original electric theory by performing the inverse Wick-rotation 
and an analytic continuation which makes the magnetic field imaginary. We study the 
perturbation describing the rolling tachyon in this magnetic BCFT and argue, using the 
idea of locality of boundary operators introduced in that this deformation is exactly 
marginal. This gives a two parameter family of BCFT's labelled by the background elec- 
tric field e and the strength A of the deformation. We then construct the boundary state 
associated with these BCFT's by generalising the construction given in ||3l], ^ |3^, Q to 
the present case. Once the boundary state is known, we can extract the massless closed 
string sources from this boundary state ||3^, ^ 0. These reproduce the results obtained 
through the target space analysis of section ^ The new information that one gets from 
the boundary state analysis is the divergence of the boundary state for the higher level 
terms in the limit A^l/2, e^l discussed earlier. The divergence is demonstrated by 
performing an explicit computation of the terms at the next higher level. 

All the above discussions have been made in the case of bosonic string theory. We 
generahse the analysis to the superstrings in section |. We have computed only the 
massless sources by generalising the analysis of . Although we have not computed the 
full boundary state or performed any computation at the next higher level, one might 
expect to see similar divergences in the A— *-l/2, e— >1 limit in this case also. 

In section ^ we discuss a candidate low energy world-volume effective action following 



O, pHl p9|, EOl pT| which reproduces the results for the sources of massless closed string 



fields. We also discuss its coupling to the supergravity fields including the massless RR 
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backgrounds. 



2 Target Space Analysis 

We denote by S{T] g^^.h^y) the effective action describing the dynamics of the tachyon 
field on a Dp-brane in the presence of constant background closed string metric g^^ and 
anti-symmetric tensor field h^^. By the result of 0, this effective action is equivalent to 
another action:^ 



S{T-g,.,h,,) = ^^^^^±^5e(T;G^,, V = 0), (2.1) 

where Sq is related to S by the replacement of all products by ^-products with non- 
commutativity parameter 6, and G^^^ is the open string metric. The inverse G^*^ of G^y 
and Q^'^ are given in terms of g^^i, and b^j^^ by the relations: 

C^-^ = [{g + b)-T, = [(9 + brri, (2.2) 

where the subscripts S and A denote the symmetric and anti-symmetric parts of the 
corresponding matrices respectively. In general the fields T appearing on the two sides of 
(|2.1|) are related by a field redefinition, but for the configurations we shall be considering 
where the tachyon depends only on the time coordinate, this field redefinition is identity. 

The equivalence ( p.l|) implies that if we can construct a classical solution of the equa- 
tions of motion of Se(T; G^i,,b^u = 0), then we also have a solution of the equations 
of motion of S{T;g^y,b^u). We shall focus on solutions which depend on only the time 
coordinate; and in this case we can replace the ^-product by ordinary product. Thus we 
need to find solutions of the equations of motion of S{T] G^y, b^^ = 0). For constant Gf^^, 
these solutions, in turn, can be computed from solutions of the equations of motion of 
S{T] Tj^jj, b^u = 0) by a linear transformation on the coordinates that converts the metric 
ri^,y to G^^.Q 

To be more specific, we shall consider a background of the form: 

Qfiy = ViJ-u, boi = -bio = e , (2.3) 

with all other components of 6^,^ being zero. Since a background boi is equivalent to 
switching on an electric field on the D-brane world-volume, throughout this paper we 



''We have absorbed factors of 2tt into the definition of and O^^ compared to ^ in order to simplify 
various formulae. 

^Related technique has been used earlier in ffl. 
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shall refer to such background as background electric field. Eqs. ( |2.2| ) and ( |2.3| ) give: 



G'oo = -(l-e2), 6-11 = (l-e^), G,, = 5,, for i,j > 2, 6°^ = e/(l - e=^) , 

(2.4) 

with all other components of G^u and 6^*^ being zero. G^i, can be converted to rj^^ by 
a rescaling of x° and by \/l — e^. Thus if T = is a solution of the equations of 

motion of S{T; rj^y, b^^, = 0), then T = — a;°) will be a solution of the equations 

of motion of S{T] G^y, h^y = 0) and also of Se(T; G^^, b^^, = 0). By the equivalence (|2.1|) , 
it is then also a solution of the equations of motion of S(T; g^i,, h^u)- 

Thus if we knew the solution we could find the solution of the equations of 

motion of 5(T; g^j_y, h^^j). In actual practice, however, we do not know the solution F{x^), 



but only know the energy momentum tensor associated with this solution [|T9], Let us 
denote this by T^°^(a;°): 



tW(x°) = -2 



5S{T = F{x%G,,,h^, = {)) 



SG^'^ix) 



(2.5) 



(Throughout this paper we shall omit writing the dependence of various closed string 
sources on coordinates transverse to the D-brane, which is just a delta function of the 
transverse coordinates.) Then the energy momentum tensor 

U.') ^ -2(-detG)-V^ ^^'^-^'-^-;j^^-^^"-«' , (2.6) 

for Gfj,u given in ( p.4|) , is related to T^°)(x°) by the standard transformation laws under 
{x^,x^) \J\ — [x^ , x^). This gives 



T,,(x°) = (1 -e2)Ti?(v/r^x°), T,,(x°) = ^/Y^^ Tf;^ {^Y^^ x^) , 
fij{x°) = r/f (Vl-e2x°), for a, 6 = 0, 1, i, j > 2 . (2.7) 

For the case at hand, we know the explicit form of Tj^^ from the analysis of [|T^, For 
definiteness let us consider the case of bosonic string theory. In this case: 

To?) = ^r,(l + cos(27rA)), T,?^ = 0, rj°) = -T, /(x°) 5„ , for r,s>l. 

(2.8) 

Here Tp is the tension of the D-p-brane, A is a parameter labelling the total energy of the 
system, and 

/(x°) = ^ ~ + ^-1. (2.9) 

1 + sin(7rA)e^' 1 + sin(7rA)e ^ 
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Using eqs.{^, (|2]|) we get 

Too = (1 - e') ^ (1 + cos(27rA)), Tn = -(1 - e^) fiVT^x"^), 

fij = -Tpf{VT^x'^)5ij, for i,j>2. (2.10) 

The quantities of interest to us are the energy momentum tensor and the source for the 
antisymmetric tensor field computed from the action S{T; g^^, h^y): 



Thus we have 



Sgt,u{x) 



S^^'ix) 



6S{T;g^^,b 



[x) 



(2.ii; 



(2.12) 

We shall now consider space-time independent variations 6g^i, and 6b ^i,. In this case, 
eq.(|2.1|) gives 



SS{T;g^^,b 
6 



det{g + b) 



detG 
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ldei{g + b) 
detG 



Se{T- G^,,6^, = 0)^ 
S{T- G^,, b^, = 0) + 



/det(^ + &) 
detG 



6Se(T]Gf,u,bf,u = 0) 



Idetjg + b) 
detG 



5S{T- G^,,V = 0) 



(2.13) 



where in the last line we have made use of the fact that for T dependent on only the x^ 
coordinate we can ignore the 9 dependence of the action. Eq. ( p.6|) gives: 

/ d^-^'xTMSG^" , (2.14) 



SS(T; G^j,, bf^i, 


= 0) = 


we have, 




5G°° = 


-(1- 


5G" = 


-(1- 


6G'^ = 


-Sgij, 


det{g + b)\ 
detG 1 





for i,j>2, 
1 - eY^'^^e^Sgoo - e^6gn + 2e6b 



'01, 



(2.15) 
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In order to evaluate the right hand side of ( p.l3| ), we also need to compute S{T] G^u, bfj,u = 
0) for the solution T = F{^/T^^^x^). This is done as follows. Let us consider a space- 
time independent variation 6G22 of 6*22 with all other 6Gf^i, = 0. In this case, for the 
background of the form considered here, the only contribution to SS(T; G^^, h^y = 0) will 
come from the overall multiplicative factor of a/— det G in the Lagrangian density. Thus 
we have: 



SS{T;G^y,b^y = 0) = l6G22S{T;G^ 



0) 



(2.16) 



since G^^ = 1. On other hand eq.( p.6|) gives 



6S{T; G^,, b^, = 0) = 1 dP+'x (- det G)'/^ 6G^^ ^^2 = ^ / d^+'x (- det G)'/^ 6G22 T22 , 

(2.17) 

since 5G22 = —SG"^"^. Comparing (|2.16| ) and ( p.l7|) we get 

5(T; G,,, b,, = 0) = 1 d^+'x (- det G)'/' 7^22 . 
Eqs.(|A2D-(|35D, and ( plSD now give: 

6S{T- g,,, V) = \j d"^'^ [T^'Sg,. + S^-'Sb,,] 



(2.18) 



0+1 



X 



Sgooiil - eY'/'foo - e\l - eY'/'fn + e\l - e^)-^/^f22} 

+6gn{il - e')-'/'fn - e\l - e')-'/'foo - e^(l - e2)-^/^T22} 
+2e56oi {(1 - e'r'/'foo - (1 - e'r'/'fu + (1 - e^)-^/^f22} 
+ {1 - e'Y/%6g,, . 



(2.19) 

Since Sgfj,iy and 56^,^ are arbitrary constants, from ( ^.19| ) we can compute space-time in- 
tegrals of T^jy and 5"^,^. If we assume that the relation holds also for the integrands, then 

1 e2 (1 _ e')-'/% (1 + cos(27rA))] + (1 - (1 + cos(27rA))} , 

^e^l- e')-'/% (1 + cos(27rA))] - |(1 - e'y/%f{VT^ x")} , 
{l-e'Y/%f{VT^x')6,,Y 



we get 




^00 = 




Tn = 


rpU 


T- ■ — 


rpij 


Sqi = 


-S 



01 



e(l-e2)"i/27;(l + cos(27rA)) 



(2.20) 
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Note that in defining 5*01 we have taken into account the fact that 6S receives contribution 
from ^S^^Sboi as well as ^S^^6bio. 

We now need to examine to what extent it is justified to equate the integrands in 
(|2.19|) to arrive at (p. 201) . First of all, note that the dependence of T^^u and S^i, on the 
spatial coordinates is trivial (independent of the tangential directions, and proportional 
to a delta function involving the transverse coordinates which is understood in (|2.20 )). 
Thus the only question is if we can equate the integrands under the x° integral. Since 
Tq^ and 5*0^ are time independent due to their conservation laws, the answers for these 
quantities given in ( p.20|) are certainly valid. As for the other quantities, we note that 
the detailed time dependence of these quantities depends to a large extent on the precise 
off-shell definition of the metric since we need to compute the change in the action under a 
local variation of the metric and anti-symmetric tensor field. As a result, these quantities 
can be changed by changing the definition of the off-shell continuation of the metric 
e.g. by redefining the off-shell vertex operator by a conformal transformation. Thus the 
expressions given in ( |2.20|) are equally good choices to any other expressions consistent 
with the integrated equation ( |2.19| ). Nevertheless, we shall see in later sections that the 
boundary state analysis, which comes with a precise convention for coupling of off-shell 
closed string states to a D-brane, leads to the same expressions for the time evolution of 
the various sources as given in ( |2.20| ). 

T^i, and S^i, given in ( p^.20D can be interpreted as a sum of the contribution from a 
configuration of fundamental strings (shown in square bracket) and from rolling tachyon 
in the absence of electric field (shown in curly brackets). Note however that the evolution 
of the contribution from rolling tachyon slows down by a factor of — e'^ in the presence 
of fundamental string charge. Thus the two systems do not decouple. We can get pure 
fundamental string background without any contribution from rolling tachyon by taking 
the limit 

e^l, ^-^2' (l-e^)"^^^(l + cos(27rA)) fixed. (2.21) 

However, as shown in appendix 0, the contribution to the boundary state from higher 
level closed string states blows up in this limit. The meaning of this divergence is not 
entirely clear to us. 

These results can be generalised to the case of decay of unstable D-p-branes and brane- 
antibrane systems in superstring theories. In fact the final formula for T^,^ and Sf^^ are 
given by the same expressions as ( |2.20| ), all that changes is the expression for /(x°). In 
this case we havepOf 

1 1 

f^^^^ ■ 2( \\ v^i-o + 7" ■ 2( \\ -,/2zO ^ ' (2.22) 
1 -|- sm (TrAje^"^^ 1 + sm (7rA)e ^'^^ 
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Similarly we can generalise the results to the case where the tachyon begins rolling at the 
top of the potential with a non-zero velocity so that the total energy of the system is larger 
than the tension of the brane. This requires a replacement of cos(27rA) by cosh(27rA) and 
appropriate replacements for as given in [pO . 



3 Boundary Conformal Field Theory Analysis 



It was shown in ref. that in the absence of background electric (or b) field, the class 
of time dependent solutions describing rolling of a D-p-brane away from the maximum of 
the tachyon potential is given by perturbing the boundary conformal field theory (BCFT) 
describing the original D-brane by the operator 

A J c/tcosh(X°(t)), (3.1) 

where A is a constant parametrising the initial value of the tachyon, and t denotes the 
coordinate labelling the boundary of the world-sheet. This perturbation was identified in 
ref.|]l9| from the spatially homogeneous solution to the linearised equation of motion for 



the tachyon in string field theory. Such a deformation gives rise to a new BCFT since 
cosh(X°) is an exactly marginal operator, and hence generates a solution of the equations 
of motion of open string theory. 

In this section we shall generalise this construction to D-branes in the presence of a 
background electric field given in eq. (|2.3| ). As discussed in the previous section, the space 
independent solution for the tachyon in presence of this non-trivial background can simply 
be obtained by incorporating the coordinate transformation {x^,x^) -\/l — (a;°, x^) 
into the solution in absence of any background field. This, in turn means that the rolling 
tachyon solution in the presence of background field configuration 601 = e, is generated 
by the following deformation. 



X J dtcosh{^/T^X\t)). (3.2) 



In the following we shall show that the deformation ( |3.2|) is exactly marginal, and analyse 
the deformed BCFT. We shall also find the boundary state associated with this BCFT. 



3.1 The Boundary Conformal Field Theory 

In this subsection we shall demonstrate that (p.2|) generates an exactly marginal defor- 
mation of the BCFT describing the D-brane in the background (p.3|) . In order to do so 
we shall show that this represents an exactly marginal deformation in the Wick rotated 
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theory obtained by the replacement — > —iX^. Under this rotation the closed string 
metric g^^, and the antisymmetric tensor field 6^1, go to g^j^i, and b^^, respectively, given by, 

g^Lu = S^u, hi = -ho = -ie = e , (3.3) 

with other components of b^i, being zero. After performing Wick rotation on the world- 
sheet as well, one gets the following boundary condition: 

where dn and dt denote respectively the normal and tangential derivatives at the boundary 
5S. For simplicity we have restricted our analysis to the case of D-25-brane, but the 
generalisation to an arbitrary D-p-brane is straightforward. The boundary conformal 
field theory at hand is same as the one corresponding to an imaginary 5-field 
switched on along spatial Neumann directions. In the following we shall consider the case 
of a real 6-field, i.e. a real magnetic field e in the 0-1 plane, and present all the relevant 
formulae in that context. Any given formula can be translated to the one corresponding 
to an electric field by the analytic continuation, 

e —ie, (3.5) 

together with an inverse Wick rotation iX^. 

The expressions for the effective Euclidean open string metric G and the non-commutativity 
parameter are given by. 



i9 + br:\ e-=(^ + 6)-7. (3.6) 



s 



A 



It will be convenient for our discussion to introduce the vielbeins of the open and closed 
string metrics and the corresponding local coordinates. These are defined by the following 
equations: 



G,u = V^Vl = (V^V),,, g,, = v\v\ = (v^v),., 



(J, fl 



(3.7) 



where a, = 0, ■ • • , 25 and the matrix notation for various quantities has the obvious 
meaning. For the case under study, we have 






e 






— e 







(3 








§24/ 
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G 













1 + 



e 





e 



l + e2 
V 



l + e2 





(3.9) 



and we shall choose 



V 



(VT+ 


V 



VTT 








11^ 



24 







V 







ij2 





%4j 



(3.10) 



The relation between the two local frames is given by, 

1 • 



e 1 




(3.11) 



The boundary two point functions |[l|, 0, Q of the local coordinates take the form 
(«' = 1), 

{Z^{x)Z''{y)) = -6-Hog{x-yy + i tt efe(x-i/), (3.12) 

where, 

= VQV^, (3.13) 
and e(x) is the sign function. Let us now define the following boundary operators, 

Jla{x) = COS (Z^ix)) , Jla{x) = sin (Z^ix)) , J|.(x) = ^aZ"(a;). (3.14) 

Using the two point function ( 3.12| ) it is straightforward to show that these operators have 
conformal dimension 1. We shall now argue along the line of ref.[p3| that the operator 



(3.15) 



J dtOfit) = xj dtJl.it) = xjdx cos [VlT^X\t) 



describes an exactly marginal deformation. It was shown in that (|3.15| ) describes an 
exactly marginal deformation if 0~° is self-local, i.e. in a correlation function involving 
0~° (x)0~° (y) , the result for y > x is related to that for y < xhj an analytic continuation 
in the complex y plane, and the result of the analytic continuation does not depend on 
whether it is done in the upper half plane or the lower half plane. Using the two point 
function ( p.l2|) it is straightforward to verify that this condition is satisfied.^ 



^This argument can be easily extended to the case of the arbitrary hnear combination O- 



Ai,A2 
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This establishes the exact marginahty of the operator cos(Vl + e'^X^). Making the 
analytic continuation e — —ie and the inverse Wick-rotation iX^ we arrive at 

the original BCFT with a time-like direction where the above marginal operator becomes 
cosh(A/l — e^X^). Thus we can perturb the original theory by A / (itcosh(-\/l — e'^X^{t)) 
to generate rolling tachyon solutions in the presence of electric field. 

In order to find the energy-momentum tensor associated with this rolling tachyon 
solution, we need to evaluate the boundary state associated with the deformed BCFT. 
This can be done by first working with the Euclidean theory with real magnetic field e 
and then making the replacement X^ iX^, e —ie. We shall do this next and show 
that the result agrees with the ones found in section ^ The construction in the Euclidean 
theory will proceed according to the following steps: 

1. First we shall compactify the theory in a specific manner, and construct the bound- 
ary state \Bi,) corresponding to the unperturbed BCFT (A = 0) including the back- 
ground magnetic field with this specific compactification. 

2. Then we study the effect of switching on the perturbation A on the boundary state 
in the compactified theory, and compute the deformed boundary state 

3. Finally we take the decompactification limit by removing all the winding modes 
in the expression for the boundary state. This gives the deformed boundary state 

in the non-compact theory. 

3.2 Compactification and Enhancement of SU{2) Symmetries 

Following ref . |3^, Q we shall first construct the boundary state in a theory with suitable 
compactification and then go to its universal cover to get the answer in the non-compact 
limit. In this subsection, therefore we shall discuss some issues involving compactifica- 
tions. We want to construct the boundary state corresponding to the marginal defor- 
mation given by the operator ( |3.15| ). Therefore the compactifications of our interest are 
the ones that maintain the periodicity of this operator. At the same time, we would 
like to ensure that in the compactified theory there is an enhanced SU{2)l x SU{2)ji 

Ai J^a + A2 Jfa- In fact using the notion of mutual locality between two operators introduced in one 
can show that there exist special values of the magnetic field, namely e — n,n E Z for which 0~ ~ 

Ai ,A2 

and 0~ ~ , for a ^ b, become mutually local, and hence any linear combination of them represents a 

Ai,A2 

marginal deformation. These correspond to the special conformal points (magic) found in [pTl where 
two cosine perturbations were simultaneously switched on along orthogonal directions in presence of a 
magnetic field. These special conformal points do not occur in the electric theory due to the fact that 
the non-commutativity parameter is imaginary in this case. 
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symmetry in the closed string sector which can be used to organise the boundary state 
as in |53|. Naively one might think that periodicity of cos(Z°) would require com- 
pactifying on a circle of unit radius keeping non-compact, i.e. making the identi- 
fication {Z^, Z^) = {Z^ + 2tt, Z^). However in this case the radius of the compact circle, 
measured in the closed string metric, is + e^, and hence we do not get enhanced 

SU{2) L X SU{2)ji gauge symmetry in the closed string sector. The compactification which 
achieves this is 

= (F° + 27r,Fi). (3.16) 

From ( p.ll| ) we have 

= - Z^ = ey° + Y\ Z^ = Y^ for > 2 

KO.^ + J£L. K.^--f; + -|L. (3.17) 

1 + 1 + 1 + 1 + 



This, together with ( p.l6|) gives 

(Z°,Z^) = (Z° + 27r,Zi + 27re). (3.18) 

The operator (|3.15|) is clearly invariant under this transformation. On the other hand 
since in the Y^ coordinate system the closed string metric is identity, compactifying Y^ 
with period 27r implies that the radius of the circle, measured in closed string metric, is 
1. Thus the closed string theory now has enhanced SU{2)l x SU{2)ji gauge symmetry 
which can be used to organise the boundary state as in |3^, The left moving currents 
are given by, 

4o(u) = cos(2r^°(M)) , Jlo{u) = sm{2Yl{u)), J^iu) = idYl{u) . (3.19) 

Note that all the J|-o are well defined operators since Y^ is compactified on a circle of 
self-dual radius. 



3.3 The Boundary State in the Compactified Theory 

We shall now construct the boundary state \Bi) for an Euclidean D25-brane with a mag- 
netic 6-field turned on, and Y^ compactified on a circle of unit radius. It can be expressed 
as, 

\Bi) = |Bos; b) ® Ighost), (3.20) 

where |Bos;6) and |ghost) represent the bosonic and ghost parts of the boundary state 
respectively. We have 

Ighost) =exp -Y,ib-nC-n + b_nC-n) (cq + Co)CiCi|0). (3.21) 

\ n>0 J 
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where the ghost oscillators have their usual definition. Construction of the bosonic part 
follows 0, The closed string overlap condition on the cylinder corresponding to the 
open string boundary condition reads, 



d^X + ih d^X) 



T = 







(3.22) 



This, in turn, gives rise to the following condition on \Bi) in terms of the oscillators a^'s 
and aJs of the coordinates Y , 



[an + My a 
where the matrix My is given by, 

/I 

My = 



\Bi) = 0, \fne Z, 



(3.23) 



-2e 



l + e2 
2e 



l + e2 




l + e2 

l + e2 










1124 7 



(3.24) 



Using ( |3.23|) we get. 



I Bos; b) = Ni exp 



^ - a^^ My a. 



n=l 



n 



I Bos; b)o, 



(3.25) 



where |Bos; b)o is the zero mode part of the boundary state. Since we are considering a 
D25-brane, the normalisation constant is given by||3^. 



N-, = KT2, J det (g + b). 



(3.26) 



Here being the D25-brane tension and K is a convention dependent numerical factor 
independent of b. Our final answer for the energy momentum tensor will be independent 
of the choice of K. 

To construct the zero mode part |Bos; b)o let us first also compactify the coordinate 
on a circle of radius R. We shall finally take the -R — > oo limit to get the desired result. 
Since all the coordinates except for Y^ and Y^ are noncompact and satisfy Neumann 
boundary condition, |Bos; 6)o contains only the momentum and winding mode excitations 
commg from and Ifn("),u;(") G Z, a = 0,1 are respectively momentum and winding 
numbers then the above overlap condition for the zero-modes restricts the eigenvalues 
appearing in |Bos; b)o in the following way. 



n 



(a) 



(3.27) 
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Using the explicit matrix value for My one reduces the above equation to: 



w 



(O)j^(O) 



w 



(1)^(1) 



(3.28) 



So we see that only two of the four variables n^°'\ w^'^^ are independent. At a given finite 
value of R the restriction on e is given by the fiux quantisation law: eR = a, where a is 
an integer. This gives n*-^-* = aw^^\ n^^^ = aw^^\ Thus the sum can be taken over integer 
values of w^^\ w^^^ and we have, 



I Bos; 6)0 = Yl ^^P 

u.{o),w(i)ez 



|0) 



(3.29) 



The non-compact limit, i? — > 00 is obtained by keeping only the w^^^ = term in the sum 
over w^^\ This gives 



|Bos; 6)0 = E exp [-2zm(y° - y° ) - 2ime{yl + y]^)] |0) 

meZ/2 



(3.30) 



Note that in this limit e can take any real value. 

We now note from eq. (|3.24| ) that My is an orthogonal matrix of determinant one. 
Then the oscillators, 

f„ = My^n = V'^an, n 0, (3.31) 

where a^, a!^ denote the oscillators of X^, obey the same commutation relations as a„'s 
and therefore as far as construction of basis states is concerned they are as good as the 
an oscillators. Moreover all the Virasoro oscillators L„'s take the same form in terms of 
the f oscillators as in terms of the a oscillators. Using these facts one can write the state 
I Bos; b) given in ( p.25| ), ( |3.30| ) in the following form. 



I Bos; 6) = A^gexp 



25 



1 If' \ / O 



n=l 



i=2 



X J2 exp [-2im{yl - y%) - 2imey^] |0) 

meZ/2 

oo -j^ 



^5 E m))f^ ® exp 



n=l 



n 



where 



\N)c=2i = exp 



n>l,i>2 



|0). 



|0) ® |iV),=24, 

(3.32) 
(3.33) 



17 



The state \j, — m, m))^°^ is constructed by following the two steps: construct the Virasoro 
Ishibashi state |j, — m, m))^°^ in the representation of S'f/(2)yo SU{2)yo [0, Then 
replace the a oscillators by the corresponding f oscillators on the right part of the states 
appearing in the expansion of \j, —■m,m))^'^\ In fact for j ^ \m\, to define the above 
state one needs to replace a by f only in the corresponding primary state as the whole 
Ishibashi state can be obtained by applying various Virasoro oscillators on the primary 
state. This automatically gives the f dependence of |j, —m,m))f\ 



3.4 Boundary State in the Deformed Theory 

We shall now turn to the boundary state corresponding to the deformation of the confor- 
mal field theory by the boundary operator, 



j dtOfit) = xjdt cos{Z%t)) . 



(3.34) 



Using the boundary condition (|3.23| ) we can show that on the boundary Z^(t) = 2Y^{t). 
This allows us to replace cos(Z°(t)) in j ^M) by cos(2Y^°(t)) = J^o(t). Now, if \B-^~) 
denotes the boundary state in the presence of this perturbation, then, given any closed 
string vertex operator 0^ of ghost number 3, the one point function of 0c on a unit disk 
in the perturbed BCFT is given by {B-^j\(f)c)- Thus we have:'' 

{B-^~^\4>c) = {Bi\ exp [2mX Q^o] |0c) , (3.35) 
where the operators Qyo's are the SU{2)l charges in the closed string theory given by, 

du 



QyO 



Jlo (u) 



2m 



(3.36) 



This gives: 



exp 



[-27riAQ^ 



\Bu 



iVj^exp — 27rzA(5yo |j, — m, m))^°-* (g) exp 
®\N)c=2i® I ghost). 



E 

n>0 



n 



2imey^ 



|0) 



''it is possible to reduce the integrated boundary deformation in the action to an exponentiated 



operator acting on the Hilbert space if the deformation is exactly marginal. This was shown in |33 very 



simply by using the self-locality property. Without using sel f-locality one can also show this by following 

32l. 



the systematic procedure of renormalisation as was done in [hcp-th/9402113 
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j,m,m' 

®|A^)c=24® Ighost), (3.37) 

where -Dm',m simply the spin j representation matrix of the operator exp(— 27rzA(5yo). 
The values of these matrix elements can be obtained by using the formula given in ref. p3 1 
with the j = \ representation matrix given in ref. [19|. Notice that the left parts of all the 
states appearing in the expansion of |j, m', m))f^ transform in the same and well defined 
way under 5'f/(2)yo while the right parts of the states do not obey simple transformation 
rules under S'f/(2)yo. But this is sufficient for us to be able to compute the action of the 

rotation operator exp — 27riA(5yo • 

Finally we can take the non-compact limit of the above boundary state by simply 
removing all the winding sector states from the boundary state (|3.37| ). In this limit, of 

|3^, |3l[]. Thus we get the final result, 



1 



|0) 



the \j,m',m)) only the |j, m, m)) states survive 

j,m L n>0 "' 

®|A^)c=24 ® Ighost). (3.38) 



n>0 



2imey^ 



|0) 



3.5 Sources from Boundary State 



In this subsection we shall use the boundary state (|3.38|) to compute the level one sources, 
namely the energy-momentum tensor T^j^ and the source Sf^i, for the antisymmetric tensor 
S-field. Since we are interested in getting the result for the theory with electric field and 
the boundary deformation (|3.2| ), we need to perform a two-fold operation of inverse Wick- 
rotation iX^ and the analytic continuation ( p.5| ) on the quantities we get directly 
from the boundary state ( |3.38| ). 

Following ref. 1^ we first notice that the level (1,1) part of after the two-fold 

operation, has the following general form: 

ci26fc[(i^,(fc) + Cf,,{k))a'l,a'_^ + B{k){b-ic^i + 6-ic_i)](co + co)ciCi\k), (3.39) 



where A 



Ay^ and C 



-Cy^. The conservation law {Qb + Qb)\^i\) = obtained 



from this part of the boundary state reads in the coordinate space. 



5"(A^,(x)+r/^,5(x)) = 0, 







(3.40) 



where A^^, C^j,y and B are the Fourier transforms of A^^^ C^y and B respectively. This 



gives the following two conserved currents. 



Tfjip (x) 



Ks{Af,y{x) + r]^yB{x)), 



(3.41) 
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where Ks and Ka are two appropriate normalisation constants. 

We shall now compute A^i^{x), C^y{x) and B{x) from The non-trivial part of 

this calculation is the contribution from the parts up to level (1,1). This can be 

obtained by replacing the a° ^, a^_i, a^^, a\i oscillators in the result of ||19|, by — i, 
—if\, o"i]^, respectively, and by —iZ^ = —i{Y^ — eY^).^ The result is proportional 
to: 

;i - ai,f\)/(r°(0) - eY\0)) - a\f\ g (r°(0) - eY\^))] |0)yo,y. 
;i - a\f\)f{yiT^^X\Q)) - a\f\ g {VT+^X^O))] \0)yoy. , (3.42) 



where 



fix) 
9{x) 



1 + ^(-sin(A7r))"(e™^ + e- 



n=l 



fi-ix) 



1 + cos(27rA) - fix) 



(3.43) 



with f{x) defined as in eq.(|2] 

We can now determine B, A^i^ and Cfj,u by comparing ( p.38| ) with ( |3.39| ), and using 
( 13.421 ). We also need to use ( |3.31| ) and the fourth equation in ( |3.7| ) along with the explicit 
matrix values of My and v given in eqs.( p.24D and ( |3.1CI| ) respectively, to translate the 



a"i^ and t'^^ into the oscillators a'^i and of X'^. After the replacement x^ 
e —>■ —ie, one gets. 



IX 



Ann(x) 



An(x) 



K% 



25 



B{x) = -KT.^VT^fiVT^x''), 
(1 - e')-^/2^1 + cos(27rA)) - (1 - e^)^/^ f{VT^x'') 



(3.44) 
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'(1 - e2)-^/2(l + cos(27rA)) + (1 - e^)'/^ /{Vl^x'') 



A, 



01 



-KT25 6ij 



;i-e^)VV(v^ 



^,J>2, 
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e(l-e2)-i/2(i + cos(27rA)) 



(3.45) 



with all other components of A^^ and C^i, being zero. 

Using eqs. ( |3.41| ), ( |3.44 ) and ( |3.45| ) we get the following non-trivial components for 
the sources, 



00 



K,KT2, (1 - e2)-V2(i + cos(27rA)), 



^The factors of —i reflect that we are still in the Euclidean theory, whereas the results of ||T^, gOj were 
given after inverse Wick rotation. 
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Tn = -ir,irT25fe2(l-e2)-i/2(l + cos(27rA)) + 2(l-e2)i/V(v/r^a;°) 



: KaKr25 e(l - e^)-^/2(l + cos(27rA)) . (3.46) 



'01 



Before comparing these results with the ones obtained from the target space analysis 
in section Q (eqs.( p720D ) we shall determine the constants Kg and Ka from the known 
results for the boundary state and the Dirac-Born-Infeld action at A = 0. The results 
for the sources obtained from this boundary state can simply be derived by taking the 
A ^ limit of the results ( p.46| ). Now the corresponding world- volume action takes the 



following standard form, 

Sdbi = -% [ dP+'xJ-det{g + b). (3.47) 



It is straightforward to compute the sources from this action. For example, one gets the 
following results for Tqq and S'oi|, 

Too = %{1- ^r^l\ Soi = -% e(l - ^r^'\ (3.48) 



Comparing these with the corresponding results in ( p.46|) in the limit A ^ then fixes 
the constants to be, 

= K. = -^. (3.49) 



With these values of the constants the results ( |3.46D exactly match with ( p^.20D 



Given the ambiguity mentioned in the paragraph below ( |2.20| ), one might wonder why 
the boundary state analysis leads precisely to the same expressions as (|2.2CI|) . In the 
boundary state formalism the coupling of off-shell closed strings is defined by inserting 
the corresponding closed string vertex operator at the center of the disk. To see why 
this prescription leads to (|2.2CI| ), note that if (|2.15|) had held for arbitrary time dependent 



5g^y and 5h^y, then we could derive ( p.20| ) explicitly using the target space analysis of 



section ||. This would require that for the relevant computations, the Seiberg-Witten 
equivalence relation holds even when the background metric and anti-symmetric tensor 
fields differ from constant values by an infinitesimal amount which depends on the space- 
time coordinates. Since in the boundary state analysis the x° dependence of various source 
terms (in the Euclidean theory) is computed using an insertion of a bulk operator e^^-^^i^) 

^As in sec. ^, here also S'^^ has been defined in such a way that SSdbi receives contribution both 
from i5°M&oi and ^S^°Sbio . 
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at the center of the disk, the agreement of boundary state analysis with ( |2.2CI| ) can be 
explained if in the computation of correlation functions of a single e*'^'^°^°) at the center, 
and open string vertex operators e*'^* "^"*^^*-' inserted at the boundary, we can continue 
to use the open string metric even though there is a bulk operator insertion. This is 
indeed the long as there is only one insertion of the bulk operator e , since 

such a correlation function does not involve the bulk propagator, and the bulk-boundary 
propagator, like the boundary propagator, depends only on the open string metric ||].^° 

4 Generalisation to superstrings 

The boundary CFT analysis can be easily generalised to decay of non-BPS D-branes 
in superstring theory[^ in the presence of an electric field e. Here we shall extract the 



sources for massless closed string fields from the boundary state, as was done in ||20[, and 
not attempt to construct the full boundary stateQ. Since the analysis is a straightforward 
extension of the results of the previous section and pO|, we shall only give the outlines of 
the derivation. 

We work in the Wick rotated Euclidean theory as in the case of bosonic string theory, 
and define the various coordinates F", Z"" etc. in an identical manner. We also need 
to define the fermionic partners of various coordinates, and in general we shall denote 
the fermionic partners of X^, Y"" and by ipx, V'y ^ind ip'^ respectively. The boundary 
perturbation describing the Wick rotated rolling tachyon background is given by. 



A y" rft ^° sin(Z7V2) ® ai , (4.1) 



where ai is a Chan-Paton factor. Using manipulations similar to those in bosonic string 
theory one can show that this can be rewritten as 



Xjdt 4j^yL sm{V2Yl^) ® ai . (4.2) 



We can now construct the boundary state by first taking to be a compact coordinate 
with radius \/2, and then recovering the result for the non-compact case by throwing 
away all the winding modes. For compact Y^ coordinate we can represent the bosonic 
coordinate y° by a pair of fermionic coordinates (^, 77) satisfying the following relations: 

e^^^-" = ^(a(t)+mW), 



-'^"in any case, as long as the operator e*'^ '^ is inserted at the center of the disk, the distance from the 
center of the disk to every point on the boundary is unity, and hence the correlator does not even involve 
the bulk-boundary propagator as it appears in the exponent of unity. 

""^""^See [41 1 and references therein. 

"'^^See [34 1 for discussions on SU{2) boundary states in the context of superstrings. 
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{iR{t) + ^m{t))■ 



(4.3) 



Then the operator (f4.2|) reduces to 



(4.4) 



and produces a rotation through angle 27rA about the ^ axis |£0| on the unperturbed 
boundary state. 

As in the case of bosonic string theory we proceed in three stages: 

1. Construct the boundary state corresponding to the unperturbed compactified BCFT 
(A = 0) including the background magnetic field h. 

2. Study the effect of switching on the perturbation A by rotating the boundary state 
by an angle 27rA about the ^ axis. 

3. Take the decompactification limit by removing all the winding modes in the expres- 
sion for the boundary state. 

For definiteness let us consider the non-BPS D9-brane in type IIA string theory. The 
corresponding boundary state in the presence of magnetic field h but in the absence of 
any perturbation (A = 0) is given by, 

|IIA9;6) = |IIA9;6,+) - |IIA9;6,-), 



|IIA9;6,e) 
|IIA9;6,e)™at 



|nA9;fe)o 
|IIA9; 6, e) ghost 



|IIA9; 6, e)^at ® |IIA9; 6, e)ghost, e = ±1, 



A^gexp 



n=l 



n 



i=2 



r=l/2 



i=2 



|IIA9;6)o, 



E exp [-tV2m{yl - y^) - tV2mey'] |0) 



meZ 



exp 



n=l 



(co + co)ciCie~<^(°)e"^(°)|0), 
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(4 



where Tg is the non-BPS D9-brane tension^^, K is a convention dependent numerical 



factor which does not affect the final result for the sources, cXri's are oscillators of Y, r„'s 



are defined in ( |3.31|) , {Xr,Xr} and {ipr,4'r} are the sets of oscillators of {ipy,4'y} and 
{ipx,'4'x} respectively, and 

6r = MyXr. (4.6) 

From eqs. ([4.5|) it is clear that the overall normalisation which is the inner product between 
the NS-NS ground state corresponding to the identity operator and the boundary state 
is A'^. This remains the overall normalisation for the rolling tachyon boundary state as 
the rotation keeps the NS-NS vacuum invariant. Since the effect of the magnetic field has 
been diagonalized to identity by dealing with the oscillators 5^, the state in ([4.5|) looks, at 



least algebraically, exactly like a Neumann boundary state which was considered in [20 



The only difference is an extra factor of y^-momentum dependence for each winding 
state. 



As discussed already, the effect of the perturbation ( |4.1| ) is an SO (3) rotation about 
the ^-axis by an angle 2tt\ on the boundary state. The effect of this rotation on the 
unperturbed boundary state can be easily studied following Using the result — 
eY^ = vl + i^X°, the result for the part of the perturbed boundary state which involves 
either no oscillators or the states created by the action of X-1/2'^-1/2 pure momentum 
states is given byQ , 



N-, 



«eX-i/2f-i/2 



6^,,,g(VT+^X\0)) |0) 



(4.7) 



where 



1 + 



00 

-l)'^$:(sin(Avr))2-(, 



^n\pix _j_ ^—in\pix 



/(- 



-IX) 



1 + cos(27rA) - /(x) 



(4. 



with f{x) given in ( |2.22| ) for the superstring case. Therefore the net level (1/2, 1/2) 
contribution to the rolling tachyon boundary state is pU[, 



i^r9(l + e2)i/2 







Xll/2^-l/2^(v/l+^^°(0) 



^^Note that the above state takes the same form for the D9 — E)9-brane system or the NS-NS part of 
the BPS D9-brane in type IIB string theory. In each case 7g denotes the tension of the corresponding 
brane system. 

"'^^Notice that the coefficients of terms in eqs. (4.7) and (4.9) have been sign flipped with 

respect to the corresponding terms in eqs. (4.6) and (4.7) respectively in This is because these 

equations in pO| were written after performing the inverse Wick-rotation, while here we are stiU in the 
Wick-rotated theory. 
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+ 1 x\i2^\i2 + E v^-i/2V^-i/2 1 / (v/rT^x°(o) 

i=2 



+ (^-1/27-1/2 - /3-1/27-1/2)/ (v/rTi2X°(0)) 



(4.9) 



Now if we write the above state after inverse Wick-rotation and analytic continuation 
^ in the following form, 



(V(A;) + A-(^))^^/2^-l/2 + ^(fc)(;9-l/27-l/2 - /3-1/27-1/2)] 1^^, . (4.10) 



with Auy symmetric and Cav anti-symmetric, then the Fourier transforms are given by 



- / d^Ofc 



the same equations as in ( |3.44| ) and ( |3.45D with 7^5 replaced by Tij and fix) given by 
(|]22D. Identifying the level (1/2, 1/2) part of the relation {Qb + Qb)\B) = with the 
conservation law d^T,i,j = d^S,,u = 0, we arrive at the same result as (|3.41|) . This, in 



turn, leads to the same equations as (|3.46|) with f{x) given in (|2.22| ) and 7^5 replaced 
by Tg. Note that Tg in this case has to be interpreted as the net tension of whatever 
D-brane system we consider (see footnote 13). To compute the constants and one 
can proceed in a similar way through the Dirac-Born-Infeld action as was done in the 
previous section and one arrives at the same results as in (|3.49|) . This gives the expected 
results for the sources as given in eq.( |2.20|) . 



5 Effective Field Theory 

Although in section ^ we used the existence of an effective field theory in describing the 
djTiamics of tachyon condensation, we did not commit ourselves to any particular choice 
of the effective action. In this section we shall discuss a specific form of the low energy 
effective action that reproduces the answers obtained in sections at late time. This 
action is conjectured to describe correctly the classical open string dynamics when the 
second and higher derivatives of the tachyon and all other gauge and massless scalar fields 
are small. For definiteness we shall focus our attention on non-BPS D-branes, but the 
results can be easily generalised to brane-antibrane system as well. 

The proposed action (following [|17|, |12|, ^ ^) for describing the dynamics of the 



tachyon T and gauge fields on a D-p-brane in the presence of constant background 
metric g^^v^ anti-symmetric tensor field hp^y and dilaton is: 



S = - J dP+^x e-^ V{T) V- det A , (5.1) 
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whereQ 

V{T) ~ e-"^/2 , for large T , (5.2) 

A^. = g^. + V + + d^Td^T + d^Y^d^Y"^ , (5.3) 

F^,, = d^A, - d,A^ , (5.4) 

and Y"^ (m > p + 1) denote coordinates transverse to the D-p-brane. a = 1 for bosonic 
string theory and for superstring theory. 

We shall now show that this action reproduces the correct time dependence of the 
energy-momentum tensor T^^,, and the source 5*^,^ for the anti-symmetric tensor field 
associated with rolling tachyon solution at late time. For this we note that T^y and S^y 
computed from this action are given by: 

T^. = -ie-<^r(T)v/^d^{(A-i)^, + (A-i),^}, 

S^u = -^e'^V{T)^/^d^{{A~')^y-iA'')y^}. (5.5) 

For (p = 0, A^ = 0, = 0, background g^u, b^u of the form (|273|) , and spatially 
homogeneous tachyon field, T^u + S^y is given by the following matrix: 



V{T) 



(I 



1 - e2 - {d,Ty 



-e 



e -e^ 



ViT) v^l - e2 - (doT)^ 



/O 
1 I . (5.6) 



Since Tqo = V{T)/^Jl — — {OqTY must be conserved, we see that as T rolls towards 
oo, doT must approach a/1 — e^. Thus in this limit: 

T ~ v^r^xVC, V{T) ~ e~"^/'-"^^"°/^ ^1 - e2 - {d^Tf ~ Xe-'^'^'"''^ 

(5.7) 

so that. 



Too = ir-^e-"^/^ 

Toi = 0, 

Ti, ~ -ir e-"^/2e-°^^^° , for 2,j>2, 

5oi = -eK-^e-''^'^ (5. 



^^Note that this choice of the potential V{T) is in apparent contradiction with the potential der ived 
in boundary string field theory This paradox disappears if we note that T appearing in (5^), (5.2) 
could be related to the tachyon field of boundary string field theory via a complicated field redefinition 
which includes derivative terms. For example, an action of the form — J <P^^x{rj^^'^ d^(t>du4) + V{(t>) + . . .) 
where . . . denote terms involving higher powers of derivatives, can be transformed to an action of the form 
— / dP^^x{ri^'^df^iljd,yip + U{ip) + . . .) with a different form of the potential U{ip), by a field redefinition 
of the form <j) = f{ip) + g{ip)d^ipdf^ip + ... by appropriately choosing the functions / and g. 
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with all other components of T^i, and S^^u being zero. This reproduces the large time be- 



haviour of p:^ ) provided we identify K'^ e-^ci2 ^j^j^ (l-e2)~i/27^(l + cos(27rA))/2 and 



Ke "'-^/^ with the coefficient of e in the large x° behaviour of (1— e^)^/^7^/(vT 



As discussed in Wa, Il3l 
action 



the dynamics of the system described by the effective 
]T]) is best described in the Hamiltonian formulation. Since this has been studied 
in detail in these papers, we shall not discuss it here. 

In the presence of the background RR p-form field C-^-* there is an additional coupling 

(F+^xf{T) dT A C^P^ , 



of the form 43 



where 



f{T) 



-T/V2 



(5.9) 



(5.10) 



for large The source of the RR p-form field, computed from this term, has the 

correct time dependence [^]. If there are background g-form RR fields C'-'^-' for g < p as 
well, then (p.9|) is generalised to M 



AC. 



(5.11) 



where 

(:7 = ^C('?). (5.12) 

q<p 

For completeness of our discussion we shall briefiy review the coupling of the field 
theory action ( p.l| ) to background supergravity fields following |4^, |1^, We define: 



N- 



(5.13) 



where Z^^ [M running over 10 bosonic and 32 fermionic coordinates) are the D-brane 
world- volume fields describing superspace coordinates, denotes derivative with respect 
to the D-brane world-volume coordinates x^ and Ej^.^ (with A running over 10 bosonic 
and 32 fermionic coordinates) are the bulk fields denoting the supervielbeins. The index 
a runs over the subset of 10 bosonic indices. We can choose the static gauge where the 
bosonic components Z^ of Z^ are set equal to the D-brane world- volume coordinates x^ ^ 
but we shall not choose any specific gauge here. We also define: 



^ii,v = d^A„ — d„Afj_ + BMNd^Z^'^d^Z^ , 



and 



n{q) _ nil) o yAh a y 



Ma 



'ii.\...il.q 



(5.14) 
(5.15) 

(5.16) 
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where Bmn is the NS-NS two form field of supergravity in superspace, C^Mi...Mg is the RR 
g-form field of supergravity in superspace, and is the U(l) gauge field on the D-brane 
world- volume. Finally let denote the dilaton field in the bulk. Then according to the 
results of |T^, ^ 0, the coupling of the action to the supergravity background will 
be given by: 



S = - 



J (F+^x V{T) e-^ ^- det(^) + j <F+^x f{T) dT A C^'^^ A . (5.17) 

q<p 

This completes our discussion of the coupling of the supergravity fields to the tachyon 
effective field theory. 
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A Divergence of the Boundary State in the e ^ 1, 
A ^ 1/2 Limit 



In this section we shall discuss the behaviour of the boundary state in the limit ( |2.21 
From equations ( |2.20| ) it is clear that the sources of all the massless closed string states 
are finite. But we shall see here that the sources for higher massive states diverge in 
this limit. We shall demonstrate this by computing the next higher level terms in the 
boundary state. In particular we shall focus on the state. 



|0),(A1) 



which is the part of given in ( p.38| ) involving and . The level (2, 2) oscillator 
part of this state is given by. 



(A.2) 
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where the states \B2), \Bi) and \Bq) are the oscillator level (2,2), (1,1) and (0,0) parts 
respectively of the state. 



\B) 



\D; j, m) ® exp —2imey^ |0), 



\D;j,m) = Di \i,m,m))\ 



(0) 



(A.3) 



The oscillator contribution comes only from |D; j, m). Let us first consider the state \B2)- 
To isolate the relevant parts, we note that |j, m, m) has conformal weight (j^, j^), of which 
(m^, m?) comes from the momentum and [j'^ — m? , j'^ — m?) comes from the oscillators. 
From this we see that the contribution to \B2) comes from three different types of terms. 

1. Level (2,2) secondary in ±j). This contribution can be further divided into 
three different parts. 



J>1 : 



^ = 2 



\{- s\n{\n)f\^\{{a\f{f\f + a%f%} exp(±2zjT°(0))|0) , 

(- sin(Avr)) \ {{a\f ± ^a\} {{f\f ± v^f^J exp(±zr°(0))|0) 
o 



J = : ^(aV(rV|0). 
2. Level (1,1) secondary in \D\ 1,0). This is given by: 



(A.4) 



--cos(2A7r)aV-2)|0). 
3. The primary state in \D; |, ±|). This contribution is given by: 



(A.5) 



sin(A7r)(cos(2A7r)+cos2(A7r)) ^ {V2{a\fT 2} {v^(^°i)'t f%] exp(±zy°(0)) |0) . 

(A.6) 

Note that whereas the phases of the states |Z};j, ±j) and \D] 1,0) were determined in 
[0, |2D|, the phase of |-D; |, ±|) needs to be determined afresh by requiring that at A = | 
the boundary state reduces to the known boundary state. This will be checked explicitly 
later. 

Combining these results together, we get the following final expression for |jB2), 



\Bo 



a\f%B^'^ (A;X°(0)) + {a\f{f\fB^'^ (A;X°(0) 



I / ^0 /-O \2 I / \2-0 



5(3) (A;X°(0) 



|0), 



(A.7) 
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where, 

5(2) (A;X°(0) 

5(^) (A;X°(0 



cos(27rA) + sin(7rA) cos2(7rA) cos (Vl +e2X°(0) 



+^(/(v/rT^^°(o))-i), 

-zv^sin(7rA) cos2(7rA) sin (Vl + e2X(°0) 
2sin(7rA) cos2(7rA) cos (^VTT^X\0)) + -f(^VTT¥x\0 



(A.8) 



where the functions /(x), ^(x) were defined in eq.( p.43| ). 

The results for \Bi) and \Bq) are aheady known from the analysis of PD| which was 
also discussed in sec. These are given by, 



Si) = -a'^A 9 (VT+¥X\0)) |0), \Bo) = f (Vl + ^X\0)) |0) . (A.9) 



Collecting all these results for \B2), \Bi) and \Bq) and substituting them in eg. ( |A.2| ) one 
finally gets. 



(2) 



a%f% |sin(7rA) cos2(7rA) cos [VTT^X^O)) - [VTT^X^O)) | 



1 



+ \ 2 sin(7rA) cos2(7rA) cos [VT+^X\0)j + -/ [VTT^X\0) 



- zV2 (a°2(r°i)' + i)'r°2) sin(7rA) cos2(7rA) sin [VlT^X'^{0)) 



|0), 



(A.IO) 



One can now use the matrices v and My given in equations ( p.lO|) and ( p.24| ) to express 



( |A.10|) in terms of the a and a oscillators. To exhibit the divergence of the boundary 
state we shall state the result for the coefficient of the state (a° ]^)^|0). This is given 

by. 



1 + cos(27rA)) (sin(7rA) cos( Vl + e^x") - e^) + -(1 + e^ ff{^l + e 



(A.ll) 



After inverse Wick-rotation and the analytic continuation ( p.5|) this becomes 

1 
2 



irrp(i-e2)-3/2 



1 + cos(27rA)) (sin(7rA) cosh(v^r^x°) + e^) + -(1 - e^ff{Vl^ 

(A.12) 
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In the limit ( p.21| ), the first term in the above expression diverges while the second term 

T 

goes to zero. The first term diverges as limg^i AKpll — e"^)'^, where p = -^{l — e'^)^^^'^{l + 

cos(27rA)) is the energy density T^^ in this limit and it is finite. We can also verify that 
at A = 1/2, e < 1, the state ( |A.12| ) vanishes identically, as is required by the fact that at 
finite e, A = 1/2 represents the tachyon vacuum configuration. 
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